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Abstract
We study the role played by the final-state interactions (fsi) in heavy quark
decays using Pomeron and Regge exchanges to describe high energy scatter-
ing. At center of mass energy
√
s ∼ 5GeV , Pomeron dominance does not
apply. We study the behavior of the decay amplitudes as
√
s is varied close
to the B mass. We also investigate the behavior of the decay amplitude as
√
s→∞. Our conclusion is that the decay amplitudes approach a real value
asymptotically.
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Recently, much has been written [1–5] about the role played by the final state interactions
(fsi) in heavy quark decays. The conclusions are contradictory: Ref [2] claims that fsi
continue to play an important role in B decays by imparting non-vanishing phases to the
decay amplitudes ( a conclusion the authors of [4,5] exploit ) while Refs [1] and [3] arrive at
an opposite view that the phases generated by fsi are insignificantly small.
In the present work, we have analyzed the question anew to achieve a better understand-
ing of the role of fsi at B mass and higher. We begin with a few relevant details which also
assist in establishing the notation. The first point to realize is that at B mass, center of
mass energy
√
s = mB, the total cross-sections for the most hadronic reactions (K
+p,K+n
excepted ) are decreasing with energy [6]. Thus Pomeron dominance does not set in at
√
s ≈ 5GeV . Regge exchanges play an important role at B mass, though there is an energy
at which Pomeron dominance sets in signaling the rise in total cross-sections. This occurs
at energies above ∼ 15GeV .
In order to follow the reasoning of [2], define the partial-wave decomposition of scattering
amplitude, T(s, t), for dissimilar spin-less particles as follows,
T (s, t) =
8π
√
s
k
∑
(2l + 1)Al(s)Pl(cosθ), (1)
where k is the center of mass momentum and Al(s) the partial-wave amplitudes. The
discontinuity for the two-body decay amplitude, M(s), for B → f , where f involves spin-less
particles, arising solely from the elastic channel is [2]
σ(s) ≡ DiscM(s) = 1
2
1
(2π)2
∫
d3~p
(2E1)(2E2)
δ(
√
s− E1 −E2)T ∗(s, t)M(s), (2)
where T (s, t) is the amplitude for f → f scattering. Using (1) in (2) one gets
σ(s) = A∗0(s)M(s). (3)
In what follows we ignore the spin and isospin complications as they are inessential to our
arguments. Because of this only A0(s) will appear in our formulation. If M(s) is a real
analytic function satisfying a dispersion relation, the spectral function σ(s) is real. For a
2
single-channel problem, the S-wave amplitude A0(s) is e
iδ0sinδ0. Thus the decay amplitude
in (3) must have a phase δ0 in order to generate a real σ(s). This is the content of Watson’s
theorem [7]. In general, when other channels are present, A0(s) = (ηe
2iδ1 − 1)/2i, where δ1
is an eigenphase and the elasticity is limited by 0 ≤ η ≤ 1. Reality of σ(s) now requires
additional contributions to the right hand side of (3) which we discuss in the following.
To be specific we consider the decay B → D∗π but ignore the spin and isospin of the final
state particles only to the extent needed. As noted in [3], Dρ channel will mix with D∗π, but
D∗π′ and Dρ′ channels, where π′ and ρ′ are higher mass particles with the same quantum
numbers as π and ρ respectively, could also mix with D∗π state. Indeed, intermediate states
D∗(nπ) enter the picture, where for n odd one could form a π-like and for n even a ρ-like
combination. A generalization of (3) for the spectral function is
σ(s) ≡ DiscMB→D∗pi(s) = A∗0(D∗π → D∗π)MB→D∗pi(s) + A∗0(D∗ρ→ D∗π)MB→D∗ρ(s) +
A∗0(D
∗π′ → D∗π)MB→D∗pi′(s) + A∗0(Dρ′ → D∗π)MB→Dρ′(s) + ....... (4)
Let us now assume that a Regge-exchange description applies to the scattering ampli-
tudes. (Ref [1] has concluded that cuts do not play an important role. ) The elastic channel
D∗π → D∗π receives contributions from the Pomeron (P), and the ρ− and f− Regge tra-
jectories. The inelastic scatterings Dρ → D∗π and Dρ′ → D∗π receive contributions only
from π or π′ Regge trajectories. However, the inelastic scattering D∗π′ → D∗π, as well as
Dρ → Dρ′, receives contributions from P, f, ρ and ρ′ trajectories. Let us now study the
S-wave amplitudes and their behavior as a function of s.
The Pomeron contribution to the elastic channel, D∗π → D∗π , or the inelastic channel
D∗π′ → D∗π, can be parameterized in a form (we assume that Pomeron amplitude is
absorptive)
T P (s, t) = iβ(
s
s0
)1.08ebP t, (5)
where the Pomeron trajectory is represented [2,8] by αP (t) = 1.08+α
′
P t, bP = α
′
P ln(
s
s0
), α′P =
0.25GeV −2, and t ≈ −s(1 − cosθ)/2 ( s and t are expressed in GeV 2 with s0 = 1GeV 2).
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Projecting the S-wave amplitude from (5) in the limit where all masses can be ignored, one
obtains
AP0 (s) ≈
iβ
16πbPs0
(
s
s0
)0.08. (6)
Typically, for β ≈ 10 [1,3], AP0 (s) ≈ 0.3i at
√
s = 5GeV . The important point is that AP0 (s)
is purely imaginary and small compared to unity. Because of the s dependence of bP in
(6), AP0 (s) decreases slowly with s along the imaginary axis of the Argand diagram, Fig.1,
reaching a minimum, of approximately half of its value at
√
s = 5GeV , at
√
s ≈ 500GeV .
AP0 (s) then increases slowly eventually violating the unitary limit, ImAl(s) ≤ 1, at
√
s ≈
2.5× 1011GeV for β = 10. This, of course, implies that αP (0) cannot remain at 1.08 for all
energies, and must eventually decrease. Ref. [8] makes the argument for ”softening” of the
Pomeron due to the violation of the Froissart bound [9] on the total cross-section albeit at
an energy several orders of magnitude higher. Around the B mass, say,
√
s ∼ 5 to 10GeV ,
the Pomeron partial-wave amplitude, AP0 , is purely imaginary and decreases with energy.
Consider now the Regge-exchange amplitudes. As a typical example, the ρ-exchange
amplitude [4] is represented as,
T (ρ)(s, t) =
β(0)
Γ(αρ(t))
(1− e−ipiαρ(t))
sinπαρ(t)
(
s
s0
)αρ(t). (7)
For simplicity, assume αρ(t) = 0.5 + α
′
ρt, with α
′
ρ ≈ 1GeV −2 and [4] Γ(αρ(t))sin(παρ(t)) ≈
Γ(αρ(0))sin(παρ(0)) ≈
√
π. We then obtain the S-wave amplitude as
A
(ρ)
0 (s) ≈
β(0)
32π3/2α′ρs
(
s
s0
)αρ(0)(0.30 + i0.32). (8)
For β(0) ≈ 100 [4] and at √s ≈ 5GeV , one finds, first, that this amplitude is much smaller
than the Pomeron-generated amplitude, the real and imaginary parts being ≈ 0.035 and,
second, that A
(ρ)
0 (s) decreases with energy as (
s
s0
)αρ(0)−1/ln( s
s0
). Thus in the Argand diagram
of Fig.1, while the Pomeron amplitude moves slowly downwards along the imaginary axis
with increasing energy around the B mass, the Regge amplitudes move towards the base
(”no scattering” limit ) of the unitary circle much faster.
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Fig.1 The partial-wave amplitudes in Argand diagram. P represents the Pomeron-generated, and R
the Regge-generated amplitude. The arrows indicate the motion of the amplitudes with increasing
s (for
√
s < 500GeV ).
The foregoing analysis allows us to understand the conclusion reached in Refs [1] and
[3]. Define the l = 0 S-matrix as ( P and R stand for Pomeron and Regge respectively),
Sl=0(s) = 1+ 2i(A
P
0
(s) +AR
0
(s)). (9)
As discussed above, ImAP0 (s) and ImA
R
0 (s) are both small but positive. Thus, in the B
mass region, the real parts of the diagonal elements of S are close to, but less than, unity.
The imaginary parts of the diagonal elements, arising entirely from AR0 (s), are necessarily
small. In the schemes of [1] and [3], the off-diagonal elements of the S-matrix arise entirely
from AR0 (s) and, therefore, are small. As a consequence, the two-channel unitarity is not
satisfied. A difference between our formulation and those of [1] and [3] is that we include
off-diagonal channels, D∗π′ → D∗π and Dρ′ → Dρ etc., which are Pomeron driven and
could, in principle, dominate the off-diagonal elements of the S-matrix.
As we increase the energy but still keeping it in the B−mass region, the real parts of the
diagonal elements of the S-matrix rise towards unity and the imaginary parts decrease. The
coupled channel problem involving channels D∗π,D∗π′, D∗π′′, ...., Dρ,Dρ′, Dρ′′, ..., tends
towards a block-diagonal form with D∗π,D∗π′, D∗π′′,...., states forming one block and
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Dρ,Dρ′, Dρ′′, ..., composing the other. The transitions between these blocks, which proceed
only through Regge exchanges, get weaker with increasing energy. The transitions within
each block being Pomeron dominated result in largely real S-matrix elements (if the Pomeron
is purely absorptive).
The question: what happens in the limit s → ∞? is harder to answer. As we saw, this
limit cannot be taken for the Pomeron amplitude with αP (0) = 1.08. However, if we go to
an energy large yet smaller than the value where violation of partial-wave unitary sets in,
the Regge-driven AR0 (s) approach the base of the unitary circle of Fig.1 and the Pomeron-
driven amplitudes remain on the imaginary axis. The resultant S-matrix approaches a
real-symmetric form. If, further, the Pomeron ”softens” to the extend that αP (0) → 1
asymptotically, then AP0 (s) also approaches the base of the unitary circle and the S-matrix
approaches the unit matrix (”no-scattering” limit).
Let us return to the case of B decays and study the energy dependence around the B
mass region.
First, if for two-body channels,
M(s) = (1− ik12Kk12 )−1M(0)(s), (10)
where M0i are real, k is a diagonal momentum matrix and K a real-symmetric matrix, and
the unitary S-matrix is given by [10]
S = (1+ ik
1
2Kk
1
2 )(1− ik12Kk12 )−1, (11)
then it is easy to show that
M =
1
2
(1+ S)M(0), (12)
for any number of two-body channels.
Next we show that (12) ensures reality of the spectral function matrix σ(s) of (4). Using
(10) and (12) in (4), we obtain
σ(s) =
1
4i
(1− S+)(1+ S)M0(s)
=
1
4i
(S− S+)M0(s), (13)
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which is real. As S approaches a real-symmetric form, S+ → S, clearly the spectral function
σ(s) approaches zero. Eq.(12) is not the only form that ensures reality of the spectral
function. If we assume
M(s) = S
1
2M0(s), (14)
one finds
σ(s) =
1
4i
(S
1
2 − S+12 )M0(s) (15)
which is also real. We comment later on (14). To see how (13) works and, in particular,
to derive the results of [2], let us specialize first to a 2-channel problem. The S-matrix is
represented in terms of 3 real parameters (in general, an n-channel S matrix is expressed in
terms of n
2
(n + 1) real parameters),
S =

 ηe
2iδ1 i(1− η2) 12 ei(δ1+δ2)
i(1− η2) 12 ei(δ1+δ2) ηe2iδ2

 . (16)
where δ1 and δ2 are the eigenphases and η, the elasticity, is limited by 0 ≤ η ≤ 1. Using
(16) in (13), we obtain
σ1,2(s) =
1
2
ηsin2δ1,2M
0
1,2(s) +
1
2
(1− η2) 12 cos(δ1 + δ2)M02,1(s) (17)
which are real. In addition, using (16) in (12), we get
ImM1,2(s) = σ1,2(s) (18)
ReM1,2(s) =
1
2
(1 + ηcos2δ1,2)M
0
1,2 −
1
2
(1− η2) 12 sin(δ1 + δ2)M02,1.
The result of [2] that
ImM1(s)
ReM1(s)
=
√
ǫ
M02 (s)
M01 (s)
(19)
is recovered in the limit δ1,2 = 0 and η = 1− 2ǫ with ǫ small and positive. The argument of
[2] is that as inelasticity is needed to ensure reality of the spectral function, ǫ can not vanish
and M1(s) is, therefore, complex implying that fsi effects do not disappear as the energy
increases. In the following, we explore this issue further.
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This we do in the framework of a 3-channel problem, the reason being that apart from
pedagogy, it allows for a more general form of the S-matrix—the off-diagonal elements of a 1-
parameter representation of a 2-channel problem are purely imaginary while their 3-channel
analogues are complex.
The most general form of S-matrix in a 3-channel problem can be written as,
S =


η1e
2iδ1 (ρ12 + iξ12)e
i(δ1+δ2) (ρ13 + iξ13)e
i(δ1+δ3)
(ρ12 + iξ12)e
i(δ1+δ2) η2e
2iδ2 (ρ23 + iξ23)e
i(δ2+δ3)
(ρ13 + iξ13)e
i(δ1+δ3) (ρ23 + iξ23)e
i(δ2+δ3) η3e
2iδ3

 (20)
where with i 6= j 6= k,
ρij = − 1
4
√
ηiηj
√
(1 + ηk + ηi − ηj)(1 + ηk − ηi + ηj)(1− ηk + ηi − ηj)(1− ηk − ηi + ηj)
ξij =
1
4
√
ηiηj
√
(1 + ηk − ηi − ηj)(1 + ηk + ηi + ηj)(1− ηk + ηi + ηj)(ηk + ηi + ηj − 1)
(21)
The six real parameters are ηi and δi(i = 1, 2, 3). In what follows we use (ρ+ iξ)ij ≡ ηijeiφij .
This unitary S-matrix has the following properties: First, if any one of ηi becomes unity,
the other two become identical. For example, if η3 = 1, then the requirement that all three
off-diagonal ηij be ≥ 0 implies that η1 = η2 ≡ η. In this situation channel 3 decouples
from channels 1 and 2 and one recovers the 2-channel form (16) for the S-matrix for these
channels. Second, if all ηi → 1, then all ηij → 0 and the S-matrix becomes diagonal with
diagonal entries e2iδi , i.e., each channel becomes elastic. Now using the S-matrix of (20) in
(13) we can write down the analogues of (17) and (18) as follows:
σ1(s) =
1
2
η1sin2δ1M
0
1 (s) +
1
2
η12sin(φ12 + δ1 + δ2)M
0
2 (s)
+
1
2
η13sin(φ13 + δ1 + δ3)M
0
3 (s) (22)
ImM1(s) = σ1(s)
ReM1(s) =
1
2
(1 + η1cos2δ1)M
0
1 (s) +
1
2
η12cos(φ12 + δ1 + δ2)M
0
2 (s) (23)
+
1
2
η13cos(φ13 + δ1 + δ3)M
0
3 (s).
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The analogous relations for other values of the index are written down by symmetry. Now,
if the Pomeron were the sole contributor to the elastic amplitudes (the diagonal elements of
the S-matrix), δi would be strictly zero and ηi close to ( and less than ) unity. The fact that
Regge exchanges contribute to the elastic amplitudes makes δi finite through small [1,3]. As
√
s increases in the B mass region, the Regge-generated amplitudes move towards the base
of the unitary circle while the Pomeron generated amplitudes do the same albeit at a much
slower rate. Such a motion of the elastic amplitudes in the Argand diagram leads to an
increase of ηi towards unity and a decrease in the magnitudes of δi.
A statement as to what happens as s → ∞ depends very much on the behavior of
the Pomeron amplitude. The Regge-exchange generated S-wave falls faster than sα(0)−1.
If, as s → ∞, the Pomeron ”softens” such that αP (0) → 1, then the Pomeron-generated
S-wave amplitude will also move along the imaginary axis of the Argand diagram towards
the base. Thus as s → ∞, all ηi → 1, ηij → 0 and δi → 0. The scattering amplitude
reaches the elastic, though a ”no-scattering”, limit. The S-matrix becomes a unit matrix and
ImMi(s)→ 0,Mi(s)→M (0)i (s). If, on the other hand, as s→∞ the Pomeron-generated S-
wave amplitudes reach fixed points on the imaginary axis, then all ηi will approach values in
the interval (0,1) with 2δi = 0 or π depending on whether the fixed point is below or above
the center of the unitary circle. The S-matrix will approach a real-symmetric form. For
three channels such an S-matrix has diagonal elements (η1, η2, η3) and off-diagonal elements
ηij with
3∑
i=1
ηi = 1 and ηij = −
√
(1− ηi)(1− ηj). (24)
This form can generalized to an (n×n) case by constraining ηi’s by requiring∑ni=1 ηi = (n−2)
and defining ηij as in (24). For the (3×3) case, if, say, η3 = 1, then η1 = η2 = 0 and channel
3 decouples from channels 1 and 2 which are now driven entirely by inelastic channels. If we
assume that such a situation does not arise then ηi < 1. This implies that elastic unitarity
is not satisfied in any channel and inelastic channels must be there to implement unitarity.
Eq.(13) now implies that σi(s) = 0 (ImMi(s) = 0) while (12) implies that each of Mi(s)
9
becomes a real superposition of all M
(0)
i (s).
We conclude by a critique of the often-used adhoc procedure [1,3,11] to unitarize real
amplitudes M(0)(s) in presence of fsi given by (14). For a single channel, S = exp(2iδ), and
hence M(s) = exp(iδ)M0(s). This is said to be a statement of Watson’s theorem. Eq.(14)
is then a naive multi-channel generalization of the single-channel case. Watson’s theorem
, however, only claims that in a single-channel case, the phase of the formfactor, or decay
amplitude, be the same as the scattering phase. It is to be emphasized that the magnitude
of the formfactor also changes as a result of fsi. In general, for a single channel case the
formfactors satisfy Muskhelishvili-Omnes equation [12–14],
M(s) = exp{P
π
∫ δ(s′)ds′
s′ − s }M
0(s)exp(iδ(s)) (25)
where P signifies ’principal part’. Clearly, even for elastic scattering the magnitude of the
formfactor changes – a circumstance assumption (14) forbids.
In conclusion, we have investigated the issue of fsi in the limit of heavy quark masses
using Pomeron and Regge exchanges as guides to high energy scattering. In the B mass
region Pomeron exchange does not dominate as evidenced by the still-decreasing total cross-
sections. As energy is increased ( but still in tens-of-GeV region), the S-matrix tends towards
a real-symmetric form as the Regge-generated partial-wave amplitude drops with energy
faster than sαR(0)−1. Asymptotically, if αP (0) remains at 1.08, partial-wave unitarity is
violated around
√
s ∼ 1011GeV . However, if the Pomeron were to ”soften” such that
αP (0) → 1 asymptotically then the S-matrix approaches a unit matrix–”no-scattering”
limit. In this situation Mi(s) become real with Mi(s)→M (0)i (s). If, on the other hand, the
elastic amplitudes approach fixed points on the imaginary axis of the Argand diagram, the
S-matrix becomes real-symmetric. Inelastic channels must be there to satisfy unitarity, yet
they do not impart an imaginary part to the decay amplitude. Each Mi(s) now becomes a
real superposition of all M
(0)
i (s).
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